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Abstract 

In this paper, we show the following two theorems (here cJG — X) is the 
number of components C of G — X with |F(C)| = i ): (i) If a graph G satisfies 
cJG -X) + ±c 3 (G - X) + \c b {G - X) < l\X\ for all X C I/(G), then G has 
a {P 2 , FVj-factor. (ii) If a graph G satisfies ci(G — X) + c 3 (G — X) + | c§(G — 
X) + |c 7 (G — X) < ||A| for all X C V(G), then G has a { P 2 , -Pgj-factor. 
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1 Introduction 

In this paper, all graphs are finite and simple. Let G be a graph. We let V(G) and 
E(G) denote the vertex set and the edge set of G, respectively. For u 6 V[G), we 
let Nq[u) and da(u) denote the neighborhood and the degree of u, respectively. For 
U C V(G), we let Nc(U) = (LLet/ ^g(u)) ~ U. For disjoint sets X, Y C V{G), we 
let Eg(X, Y ) denote the set of edges of G joining a vertex in X and a vertex in Y. 
For X C V(G), we let G[X\ denote the subgraph of G induced by X. For two graphs 
Hi and H 2) we let Hi U H 2 and Hi + H 2 denote the union and the join of Hi and 
H 2 , respectively. For a graph H and an integer s > 2, we let sH denote the disjoint 
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union of s copies of H. Let K n and P n denote the complete graph and the path of 
order n, respectively. For terms and symbols not defined here, we refer the reader to 

0 - 

Let again G be a graph. A subset M of E(G) is a matching if no two distinct 
edges in M have a common endvertex. If there is no fear of confusion, we often 
identify a matching M of G with the subgraph of G induced by M. A matching 
M of G is perfect if V(M) = V(G). For a set "K of connected graphs, a spanning 
subgraph F of G is called an "K-factor if each component of F is isomorphic to a 
graph in IK. Note that a perfect matching can be regarded as a {P 2 }-factor. A path- 
factor of G is a spanning subgraph whose components are paths of order at least 2 . 
Since every path of order at least 2 can be partitioned into paths of orders 2 and 3, 
a graph has a path-factor if and only if it has a {P 2 , Psj-factor. Akiyama, Avis and 
Era [L] gave a necessary and sufficient condition for the existence of a path-factor 
(here i(G) denotes the number of isolated vertices of a graph G). 

Theorem A (Akiyama, Avis and Era |TJ) A graph G has a {P 2 , P 3 }-factor if 
and only if i(G — X ) < 2|A| for all X C V(G). 

On the other hand, it follows from a result of Loebal and Poljak [!4j that for 
k > 2, the existence problem of a {P 2 , P 2 fc+i}-factor is NP-complete. However, in 
general, the fact that a problem is NP-complete in terms of algorithm does not mean 
that one cannot obtain a theoretical result concerning the problem. In this paper, 
we discuss sufficient conditions for the existence of a {P 2 , P 2 fc+i}-factor (for detailed 
historical background and motivations, we refer the reader to 0 )- 

In order to state our results, we need some more preparations. For a graph P, 
we let G(H) be the set of components of H, and for i > 1, let Gi(H) = {C E C (H) \ 
\V(C)\ = i} and Ci(H) = \Gi(H)\. Note that C\(H) is the number of isolated vertices 
of H (i.e., Ci(H) = i(H)). For k > 1, if a graph G has a {P 2 l P 2 k+ i}-factor, then 
E 0 <l<fc -i(^ — i)c 2 i+i(G — X) < (k + 1)|X| for all X C V(G) (see Section[2|). Thus 
if a condition concerning c 2 i + \(G — X) (0 < i < k — 1) for X C V(G) assures us the 
existence of a {P 2 , P 2 fc+i}-factor, then it will make a useful sufficient condition. 

Recently, in (2], the authors proved the following theorem, and showed that the 
bound ||A| + | in the theorem is best possible. 

Theorem B (Egawa and Furuya |2]) Let G he a graph. If c\(G — X) + \c%(G — 
-A) < ||A| + | for all X C V(G), then G has a {P 2 , P 5 }-factor. 
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In [2], the authors also constructed examples which show that for k > 3 with 
k = 0 (mod 3), there exist inhnitely many graphs G having no {P 2 , -P 2 fc+i}-f a ctor 


C 2 i+i(G — X) < ||±§|X| + §f±§ for all X C V(G), and proposed 


such that 


0 <i<k-l 


a conjecture that, for an integer k > 3 and a graph G, if ^ 0 <j<fc-i ° 2 i+i(G — X) < 
for all X C V(G), then G has a {P 2 , P 2 fc+i[-factor. 

In this paper, we settle the above conjecture for the case where k e {3,4} as fol¬ 


lows (note that Theorem 11.21 implies that the coefficient ||±| of |A'| in the conjecture 


is not best possible for k — 4). 

Theorem 1.1 Let G be a graph. If C\(G — X) + {^(G — X) + |cs(G — X) < ||X| 
for all X C V(G), then G has a {P 2 , Py}- factor. 

Theorem 1.2 Let G be a graph. If Ci(G—X)+c 3 (G— A)+|c 5 (G— X)+Icy(G—X) < 
||X| for all X C V(G), then G has a {P 2 , Pg}- factor. 

We prove Theorems 11.11 and 11.21 in Sections [3H5J We remark that hypomatchable 
graphs play an important role in the proof, through P 7 and Pg are not hypomatchable 
(see Section 0 for the definition of a hypomatchable graph). In Section O we discuss 
the sharpness of coefficients in Theorems 11.11 and 11.21 

In our proof of Theorems II.II and 11.21 we make use of the following fact. 

Fact 1.1 Let k > 2 be an integer, and let G be a graph. Then G has a { P 2 . P 2 k+ 1 }- 
factor if and only if G has a path-factor F such that 622+1 (F) = 0 for every i (1 < 
% < k — 1). 

2 A necessary condition for {P2, P2&+1}-factor 

In this section, we give a necessary condition for the existence of a {P 2 , P 2 fc+i}-factor 
in terms of invariants c 2 i+i (0 < i < k ™1). We show the following proposition. 


Proposition 2.1 For an integer k > 1, if a graph G has a { P 2 . P 2 f-+i}-factor, then 
Eo<i<k-i( k - i)<WG - V) < (k + 1)|X| for all X C V(G). 

Proof. Let F be a {P 2l P 2 k+ i}-factor of G, and let X C V(G). Observe that 


0 <i<k-l 


(k-i)c 2 i+i{G-X) 


CGUo^i^fc-l t2i+H.Gr— yi; 



With this observation in mind, we first prove the following claim. 
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Claim 2.1 Let P 6 6(F). Then E« eUo<l <,_ 1 e 1 )+ ,(P-y)(*+ k ~ S (*+ 1)1*1 
for all Y CV{P). 

Proof. We proceed by induction on |Y|. If Y = 0, the desired inequality clearly 
holds. Thus let Y 7 ^ 0, and assume that the desired inequality holds for subsets 
of V(P) with cardinality |Y| — 1. Take x G Y, and set Y' = Y — {x}. Then 

^H&\j 0 <i< k -Le 2 i+ i(P-Y')( k + I - < ( k + 1 )l* r 'l- Let H o be the component of 

P — Y' containing x, and let H\ and H 2 denote the two segments of Ho obtained by 
deleting x from Ho . Note that H\ or H 2 (or both) may be empty. If Ho has even 
order, then precisely one of Hi and H 2 , say H 1; has odd order, and hence 



< (k + l)\Y'\ + k 

<(fc+i)in 


Thus we may assume that H 0 has odd order. Note that —{k + | — V ' ( W ) _|_ _|_ 

1 _ M) + ( k + | = k+ I + MMlI = k + 1. Consequently 


E 


HG U 0 <i<fc-l ^2i+l(P-Y) 


\vm \ 


< E 

^eU 0 < i<fe -i e 2i+1 (p-y>) 


2 2 


< (fc + l)|Y'| + (fc+l) 

= (k+l)\Y\, 


1 1 vm \ _ 

2 2 j 

k+iJzm 

2 2 




IWI 


as desired (note that this argument works even if Y' — 0 and Hq = P). □ 

Let (7 G Uo<i<fc— 1 S 2 i+i(C — X). Since |Y(C)| is odd, F[V(C)] has a component 
H c of odd order. We have \V(H C )\ < \V(C)\ and H c G Uo<i<fc-i ~ X). 

Now let ‘K = {He \ C G Uo<i<fc-i ^i+i(G — X)}. Clearly we have He 7 ^ He for 
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any C, C' G Uo<i<fc-i ^ 2 i+i(G — X) with C ^ C'. Consequently 


E (k - i)c 2M (G - X) = ]T 


0 <«<fc-l 


CeU 0 <i<fc-i e 2i+ i(G-x) 


kX-Gxm) 

2 2 J 


< 


E 

ceUo< 1 <n-ie2 i +i(G-x) 

eM-™) 


k+ l_m\\ 
2 


2 J 


H GM 


E (*+ 5 -^) 


< 

^eUo<i< fc -ie2 i+ i(F-x) 

= E f E 

Pee(F) \HeU 0 < iSk _ie ai+ i(p-x) 

Therefore it follows from Claim 12.11 that 


kX-'XEA 
2 2 


]T (fc — i)c2i+i(G — x) < (k + i)\v(p)nx\ 

p&e(F) 

= (* + 1)\X\, 


0<i<k-l 


as desired. □ 


3 Linear forests in bipartite graphs 

In this this section, we show the following proposition, which plays a key role in the 
proof of our main theorems. 

Proposition 3.1 Let S and T be disjoint sets, and let T\ and T 2 be disjoint subsets 
ofT. Let G be a bipartite graph with bipartition (S, T ), and let L C E{G). Suppose 
that 


(i) |iV G (X)| > |X| for every X C S, and 

(ii) \N g _ l (Y)\ > \Y n Til + \\Y n T 2 1 for every FCTiU T 2 . 

Then G has a subgraph F with V(F) T> S U Tf U T 2 such that each A G C (F) is a 
path satisfying one of the following two conditions: 

(I) \V(A)\ = 2 ; or 
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(II) E(A) C E{G) — L, V(A) flTCTiUTs, | V(A) D T 2 \ = 2 and the two vertices 
in V(A) D T 2 are the endvertices of A. 

As a preparation for the proof of Proposition 13.11 we first show the following 
lemma. 

Lemma 3.2 Let S and T be disjoint sets, and let T) and T> be disjoint subsets 
of T such that 7\ U T 2 = T. Let H be a bipartite graph with bipartition (S', T), 
and suppose that \N H (Y)\ > \Y D Ti\ + ||Y D T 2 \ for every Y C T. Then Lf has a 
subgraph F with V(F) D T\ U T 2 such that each A G G(F) is a path satisfying one 
of the following two conditions: 

(F) \V(A)\ = 2; or 

(IP) | V(A) fl T 2 \ = 2 and the two vertices in V(A) D T 2 are the endvertices of A. 

Proof. By the assumption of the lemma, \N H (Y)\ > \Y fl Ti| + \\Y fl T 2 \ = |F| for 
every Y C T\. Hence by Hall’s marriage theorem, there exists a matching F of Lf 
such that V(F) (IT — T\. In particular, Lf has a subgraph F with V(F) D T\ such 
that each A G G(F) is a path satisfying (F) or (IF). Choose such a subgraph F so 
that | (S' U T 2 ) — V(F) | is as small as possible. 

It suffices to show that T 2 — V(F) = 0. By way of contradiction, suppose that 
T 2 — V (. F ) 7 ^ 0. Now we define the set A of paths of H as follows: Let Aq be the set of 
paths of H consisting of one vertex in T 2 — V ( F ). For each i > 1, let A, be the set of 
components A of F with A qf Uo<y<i —i A? an d Eh{V(A) PIS', U a>(A') DT)) ^ 
0. Let A = (Jj>o Ai. 

Claim 3.1 Every path A G A with |H(A)| = 2 satisfies that V{A) fl T C T 2 . 

Proof. Suppose that A contains a path A such that |V(A)| = 2 and V{A) fl T T\ 
(i.e., V(A) fl T C T 2 ). Let i be the minimum integer such that Ai contains a path 
Ai such that |H(Aj)| = 2 and V{Af) fl T C T 2 . Write A t = v\j ] v 2 \ where v[^ G S 
and vf 2 G T 2 , and set U = 2. By the minimality of i, every path A belonging to 
Ui<j<j_i Aj with |H(A)| = 2 satishes V(A) PTC h. By the definition of Aj, there 
exist paths Aj = v G Aj (0 < j < i — 1) such that Eh{V(A j + 1 ) fl S, V(.Aj ) fl 
T) 0 for every j (0 < j < i — 1). For each j (0 < j < i — 1), we fix an edge 
Sj G E H (V(Aj + f) fl S,V(Aj ) D T), and write ej = . By renumbering the 

vertices v\ 3 \ ..., of Aj backward (i.e., by tracing the path v\ J> ■ ■ ■ v^' } backward 
and numbering the vertices accordingly) if necessary, we may assume that tj < Sj 
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Figure 1: Paths Q'j and Q" 


mi i-i m 

Ak h A kh _iA kh _2 A kh _ 1+1 A khl 


Qh 

m AP-rf. 

B h 

Figure 2: Paths Bh and Qh 


for each j (1 < j < i — 1). For each j (0 < j < i — 1), let Q'j be the path on Aj from 
up ' 1 to v[A. For each j (1 < j < i), let Q" be the path on Aj from Vsf to vj^ (see 
Figure HI)- Note that if Aj satisfies (IF), then \V(Q'j)\ is odd and \V(Q")\ is even. 

Write {j | 1 < j < i — 1, |I/(A,-)| > 3} = {ki, k 2l ..., /c m _i} with 1 < k\ < k 2 < 
■ ■ ■ < k m _i < i — 1, and let k 0 = 0 and k m = i (it is possible that m = 1). 

Recall that every A G Ui<j<i-i Ai with | V(A) | = 2 satisfies V (A)flT C T\. Hence 
for each h (1 < h < m), the graph B h = (Ufc h _ 1 +i<j<fc h -i A) + i e i I A-i + 1 < j < 
kh — 2} is a path of H with V(B h ) fl T C T v (here B h may be an empty graph). 
Therefore for each h (1 < h < m), the graph 

Qh — ( Qk h _ 1 ^ Bh U Qk h ) + { e %_d e k h -i\ 

is a path of H satisfying (II’) (see Figure [2]). Note that when h = m, we here use 
the assumption that V(Ai) DT C T 2 . Further, for 1 < h < m — 1, since \V(Ak h )\ 
and \V(Q' kh )\ are odd and \V{Q' kh )\ is even, A kh - (V(Q ' kh ) U V(Ql h )) is a path of 
even order, and hence it has a perfect matching Mh- 
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Let 


F'= If- U V(Aj) ) U ( 1J Q h ) U I 1J M h 

\ l<j<i J \l<h<m ) \l<h<m—l 

Then F' is a subgraph of H such that V(F' ) = V(F) U V(A 0 ) (= V(F) U{u| 0 ^}) and 
each A G G(F') is a path satisfying (I 7 ) or (II 7 ), which contradicts the minimality of 
|(S' U T 2 ) — V(F)\, completing the proof of Claim 13.11 □ 

Let Y 0 = (\J AgA h(i))nr. 

Claim 3.2 We have N H (Y 0 ) = (\J AeA V(A)) n S. 

Proof. Suppose that N H (Y 0 ) ^ ((J AeA V(A)) D S. Then there exists an integer i 
and there exists a vertex v G S— (IJaga ^(^)) such that Nh(v) D (UAeyi 1 ^(^)) 7 ^ 0- 
Let A i+1 be the path of H consisting of v. By the definition of Aj, there exist paths 
Aj G Aj (0 < j < i ) such that E H (V (Aj + i)nS, V ( Aj)P\T ) ^ 0 for every j (0 < j < i). 
For each j (0 < j < i), we fix an edge UjVj +1 G E H (V(Aj +1 ) D S,V(Aj) fl T ) with 
Uj G V(Aj) fl T and Vj + \ G V (Aj+f) fl S. 

Let k (0 < k < i) be the maximum integer such that |C(Afc)| is odd (the fact 
that |C(A 0 )| = 1 assures us the existence of k). Then for each j (k + 1 < j < 
i), we have |V(Aj)| = 2 (i.e., Aj = UjVj). Furthermore, since A k is a path with 
\V(Ak)AT\ = \V(A k ) flS| +1 and u k G T, A k — u k has a perfect matching M. Hence 
= {ujVj+i | k < j < i} U M is a perfect matching of the subgraph of H induced 
b y Uk<j<i+i V ( A j)- Therefore F 1 — (F — U k<j<i V ( A i)) U M* is a subgraph of H 
such that V(F’) D V(F) U {u} and each A G G(F') is a path satisfying (I 7 ) or (II 7 ), 
which contradicts the minimality of |(S' U T 2 ) — V(F)\. □ 

We continue with the proof of the lemma. By the definition of A , we have 

y 0 n = ( |J v(A)\ n Ti (3.1) 

\AeA-Ao / 

and 


T 0 nr 2 = | | |J v(A)\ n t 2 j u(r 2 - v(f)). (3.2) 

\AeA-A 0 J J 

If A G A satisfies (I 7 ), then |H(H) fl S\ = 1 = |H(H) fl Tf\ and V(A) fl T 2 = 0 by 
Claim 13.11 Thus 

\V(A) fl S\ — |H(H) fl T\| + -\V(A) nr 2 | for each A G A satisfying (I 7 ). (3.3) 




If A E A satisfies (IF), then \V(A) nT 1 \ = \V{A) n 5| - 1 and | V(A) n T 2 \ 

(IF). Thus 

\V{A) fl S\ — \ V(A) n Ti \ + V{A) D T 2 | for each Aed satisfying (IF) 

Recall that T 2 — V(F) ^ 0. Hence by Claim 1X21 and fl3.1l) - (l3.4l) . 

\N H (Y 0 )\ = J2\ V ( A ) nS \ 

AeA 

= £ |v(^)ns| 

A&A-Ao 

= £ (|V'(A)nr 1 | + i|y(/i)nr 2 |) 

AgA-Ao ' ' 

= £ imjnr.l + i £ \v(A)nTi\ 

AGlA—A o AgA — Aq 

= \y q n Tx| + |(|Vb n t 2 | - | t 2 - v(F )|) 

< |To n Ti| + -|y 0 ci t 2 \, 

which contradicts the assumption of the lemma. 

This completes the proof of Lemma 13.21 □ 

Proof of Proposition \3.1[ Applying Lemma 13.21 to (G — L ) [S U Tf U T 2 \, we see that 
G — L has a subgraph F' with V(F') (IT = T x U T 2 such that each A 6 G(F') is a 
path with V (A) fl T C T\ U T 2 satisfying (I) or (II). In particular, G has a subgraph 
F with V(F) D Ti U T 2 such that each A E G(F) is a path satisfying (I) or (II). 
Choose F so that \S — V(F)\ is as small as possible. 

It suffices to show that S — V(F) = 0. By way of contradiction, suppose that 
S — V(F) 0. Now we define the set A of paths of G as follows: Let Aq be 
the set of paths of G consisting of one vertex in S — V(F). Let T> be the set of 
paths of G consisting of one vertex in T — V(F). For each i > 1 . let A % be the 
set of those members A of G(F) U T> such that A ^ Uo<j<i--iA? anc ^ Eg(V(A) fl 
T, W) n S)) + 0. Set A = Ueo-Ai. 

Suppose that A — Ao contains a path of odd order. Let i be the minimum 
integer such that Ai contains a path A, of odd order. By the definition of Aj, there 
exist paths Aj E Aj (0 < j < i — 1) such that E G {V(Aj + i) Cl T,V(Aj ) fl S) 0 
for every 0 < j < i — 1. Write V(Aq) = {no}- By the minimality of i, for each 
j (1 < j < i — 1), we have |V(Aj)| = 2 . For each j (1 < j < i — 1 ), write Aj = UjVj, 


= 2 by 

(3.4) 
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where V(Aj) D T = {uj} and V(Aj ) D S — {vj}. Let iq G Nc(v t _i) D V(Aj). Since 
Ai is a path with \V(Ai) fl T\ — \V(Ai) fl S\ + 1 and tq G T, A^ — Ui has a perfect 
matching M. Hence M* = {vjUj + 1 | 0 < j < z — 1}UM is a perfect matching of the 
subgraph of G induced by (J 0<j<i F(A,-). Therefore F' = (F — Ui u Tf* 
is a subgraph of G such that V(F') D V(F) U {w 0 } and each A G C(F') is a path 
satisfying (I) or (II), which contradicts the minimality of |<S — V(F) |. Thus every 
element of A — Aq is a path of order 2. In particular, A fl V — 0. 

Let = (U AQl V(A)) n s. Since a n ® = 0, tv G (x„) = n 

T. Since every element of A — Ao is a path of order 2, | (LheeWio F(A)) Ll T\ — 
KLUe.A-.Ao V ( A )) n 5 I- Consequently 

|Afc(Xo)l= E \ V ( A ) nT \ 

A&A-Aq 

= E ywnsi 

A&A-Aq 

= EV(>i) n s|-|s-rmi 

AeA 

<EV(-4)nS| 

AeA 

= |*o|, 

which contradicts the assumption of the proposition. □ 

4 Hypomatchable graphs having no {, P 2 £;+i}“f ac tor 

A graph G is hypomatchable if G — x has a perfect matching for every x G V(G). In 
this section, we characterize hypomatchable graphs having no {P 25 -P 2 fc+i}-factor for 
k G {3,4}. 

4.1 Fundamental properties of hypomatchable graphs 

We start with a structure theorem for hypomatchable graphs. Let G be a graph. A 
sequence (Hi ,..., H m ) of edge-disjoint subgraphs of G is an ear decomposition if 

(El) I/(G) 

Ul<i<m m); 

(E2) for each 1 < i < m, \E(Hi)\ is odd and \E(Hi)\ > 3; 

(E3) H\ is a cycle; and 
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(E4) for each 2 < i < m, either 

(E4-1) Hi is a path and only the endvertices of Hi belong to UicjCi-i V’(Hj), or 
(E4-2) Hi is a cycle with \V(H t ) n V(Hj))\ = 1. 

Lovasz [5] proved the following theorem. 

Theorem C (Lovasz [5]) Let G be a graph with |E(G)| > 3. 

(i) If G has an ear decomposition, then G is hypomatchable. 

(ii) If G is hypomatchable, then for each e G E(G), G has an ear decomposition 
(Hi ,..., H m ) such that e G E(Hi). 

In the remainder of this subsection, we let G be a hypomatchable graph, and let 
LC = (Hi ,..., H m ) be an ear decomposition of G. We start with lemmas which hold 
for an ear decomposition of a hypomatchable graph in general. 

Lemma 4.1 For each i (2 < i < m), there exists an ear decomposition (//{..... H ' m ,) 
of G such that H, C H[. 

Proof. Set H = HiU ■■ - U Hi. Then (Hi ,..., Hf) is an ear decomposition of H, and 
hence H is hypomatchable by Theorem O il. Take e G E(Hf). By Theorem P iii. 
H has an ear decomposition (H [,..., H' n ) such that e G E(H[). Since H\ satisfies 
(E4), we have dn(v) = 2 for all v G V(Hf) — (Ui<j<i-i V(Hj))- Since H[ satisfies 
(E3), this implies Hi C H[. Since (Ji<j< n V(Hj) = Ui<j<i V(Hj), it follows that 
(H[,...,H' n ,H i+ i,... , H m ) is an ear decomposition of G with the desired property. 
□ 

Lemma 4.2 Suppose that each H t (1 < i < m) is a cycle, and let ii,..., i m be a 
permutation of 1 ,... ,m such that V(H it ) D (Ui<j<j-i h" (H %j )) 0 for each l (2 < 

l <m). Then (H h , ..., H im ) is an ear decomposition of G. 

Proof. Since each Hi is a cycle, it follows from the definition of an ear decomposition 
that Hi is a block of G for each i. Thus for each l (2 < l < m), the assumption that 
r(ffi,)n(U 1 <j< i _ 1 V(H' ij )) implies that V(H tl ))\ = 1. Hence 

by the definition of an ear decomposition, (H^,..., H irn ) is also an ear decomposition. 
□ 


Our next result is concerned with a hypomatchable graph with no {P 2 ,-P 2 fc+i}- 
factor. In order to state the result, we need some more definitions. For each i (1 < 
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1 < m), let P%{i) = Hi — Ui<j<»_i H(-Hj)- Note that V(Pn(i)) fl V(Hf) = 0 for any 
*, j with i > j, and Ui<j<; v ( H j) = Ui<,<; v (F kU)) for each i. We have P^( 1) = H 1 
and, by (E2) and (E4), Pw(i) is a path of even order for 2 < i < m. For an odd 
integer s > 5, a set / C {1, 2,..., m} of indices with 1 G / is s-large with respect 
to J-C if Yliei |fo(-P?c(f))| > s and the subgraph of G induced by (J i6J V(P%(i)) has a 
spanning path. 

Lemma 4.3 Let k > 3, and suppose that G has no {P 2 , P 2 k+i}-factor. Then there 
is no (2 k + 1)-large set with respect to TC. 

Proof. Suppose that there exists a (2k + l)-large set / with respect to TC. Then 
by Fact 11.11 the subgraph of G induced by [J ieI V(Pn(i)) has a {P 2 , P 2 k+i}Tactor 
F. On the other hand, for each i with 2 < i < m and i ^ /, from the fact that 
Pji(i) is a path of even order, we see that Pw(i) has a perfect matching M t . Since 
{V(P^(i)) | i fL 1} is a partition of V(G) - (U ie/ fo(^(*))), F U (U ^ M i) is a 
{P 2l P 2 fc+i}-factor of G, which is a contradiction. □ 

Throughout the rest of this subsection, we assume that we have chosen TC = 
(Hi ,..., H m ) so that 

(HI) \E(H,)\ is as large as possible. 

Lemma 4.4 Suppose that J~C = (Hi,...,H m ) is chosen so that (HI) holds. Let 

2 < i < m, and let v, v' be the endvertices of P^(i). Then no two vertices w, w' 
with w G Ng(v ) O V(Hi) and w' G Ng(v') 0 V(H\) are consecutive on Hi. 

Proof. Suppose that there exist w G N G (v) fl V(Hi) and w' G N G (y') fl V(Hi) 
such that w and w' are consecutive on H\. Then G[V(Hi) U F(Pjf(z))] contains a 
spanning cycle C. Since |P(C')| = |F(C)| = \V(Hi)\ + \V(Px(i))\, |F'(C')| is odd 
and |F(C')| > \E(Hi)\. Since V(Hf) 0 V(Px(i)) = 0 for every j with 2 < j < i — 1, 
(C, H 2 ,..., h/j-i) is an ear decomposition of G[V(Hi) U ••• U V(Hf)], and hence 
(C, H 2 ,..., Hi_ i, H i+ 1 ,..., H rn ) is an ear decomposition of G, which contradicts (HI). 
□ 

Lemma 4.5 Suppose that (HI) holds, and suppose further that \E(Hi)\ = 3. Then 
each Hi is a cycle of order 3, and G = If U • • • U If,,, . 

Proof. Let 2 < i < m. By Le mm a ITT! there is an ear decomposition (H[, ..., H' m ,) 
such that Hi C H[. If \E(Hf)\ > 3 or Hi is a path, then we get \E(H[)\ > 3, which 
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contradicts (HI). Thus each H, t is a cycle of order 3. 

Now suppose that there exists e = ab G E(G) such that e ^ E(Hi U ••• U 
H m ). Since (Hi U • • • U H m ) + e is hypomatchable by Theorem ICfi). it follows from 
Theorem O n) that there is an ear decomposition (H [...., H' m ,) of (HiU- ■ -U H m ) + e 
such that e G E(H[). By (HI), \E(H[)\ = 3. Write H[ = abva. Let i, j be the 
indices such that av G E(H ) and bv G E(Hj). Then i j- j, v E V(Hj) fl V(Hj ), and 
(Hi U Hj) + e has a spanning cycle C. By Lemma [4.21 G has an ear decomposition 
(H'{, ..., H" m ) with H'l = Hi and H" = Hj. This implies that ((7, //" ,..., iL" ) is an 
ear decomposition of G, which contradicts (HI). Thus G = iii U • • • U iL m . □ 

4.2 Constructions of hypomatchable graphs 

In this subsection, we constructs five families So, Si, S 2 , S 3 , S 4 of hypomatchable 
graphs (see Figure [3]). 

• Let So = {K\ + sK 2 I s > 2} and So = {K\ + sK 2 \ s > 3}. Note that for each 
H G So, H is hypomatchable and has no {P 2 , TVj-factor. 

Let si, s 2 , S 3 be nonnegative integers. Let Q = uiu 2 us be a path of order 3 and, 
for i G {1, 2, 3} and 1 < j < s*, let L UJ be a path of order 2. For each 1 < j < s 2 , 
write L 2 .j = VijV 3 j. 

• Let Hi(si, s 2 , s 3 ) be the graph obtained from < 5 U(U iG { 1 ) 2 ! 3 }(U 1 < 7 -< Si E,j)) by adding 
the edge uiu 3 and joining Ui to all vertices in Ui<j< Si V(Li,j ) for each i G {1, 2, 3}. 
Note that Hi(si, 0, 0) ~ K 1 + (si + 1)K 2 . Let Sj = {4i(si, s 2 , s 3 ) | si + s 2 + s 3 > 1} 
and Si = {4i(si, s 2 , S 3 ) | Si + s 2 + S 3 > 3}. 

We divide the set Si into three sets. Let S^ 1 = {Ai(si, s 2 , s 3 ) G Si | min{si, s 2 , s 3 } < 
!}, Si 2) = {H 1 (si,s 2 ,s 3 ) G Si I min{si,s 2 ,s 3 } = 2} and SS 3) = {^i(si, s 2 , s 3 ) G 
Si I min{si,s 2 ,s 3 } > 3}. 

• Let H' 2 (si, s 2 , s 3 ) be the graph obtained from E,j)) by joining 

Ui to all vertices in (Ui<j< Si H(Ljj)) U {v t ,j \ 1 < j < s 2 } for each i G {1,3}. Let 
H"(si, s 2 , s 3 ) be the graph obtained from Q U (U/e{i, 2 , 3 }(Ui<j< Si E,j)) by adding 
the edge UiW 3 and joining u % to all vertices in (Ui<j< Si v (E,j)) u (Ui<j < S2 v (E,j)) 
for each i G {1,3}. Let S 2 = {H \ ^(si, s 2 , s 3 ) C H C ^(si, s 2 , s 3 ) with s 2 > 1, 
and si + s 2 + S 3 > 3, and either si > 1 and S 3 > 1 or s 2 > 2}. 
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K i + sK 2 



-^l(si) s 2, S 3 ) 


A' 2 (si, s 2 , S 3 ) 


A"( s i, s 2 , s 3 ) 






Figure 3: Graphs in 9* or Si 
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• Assume s 2 — 1 and s 3 = 0. Let A^si) = A.2 (si,1 ,0). Let A"(si) be the graph 

obtained from by joining all possible pairs of vertices in V(Q) U Z/ 2 ,i- Let 

S 3 = {H | Ag(si) C H C A^si) with s 3 > 2}. 

• Assume that s 2 = 2 and s 3 = 0. Let A^si) be the graph obtained from A! 2 {s\, 2 , 0) 
by adding the edge v 3 ,\v 3 , 2 - Let A'l(s\) be the graph obtained from A^si) by 
adding the edges U\U 3 , Uiv 3>1 , U\V^ 2 . Let S 4 = {H | A^si) C H C A"(si) with 

Si > 1}. 

We can verify that for each H G Sj U S 2 U S 3 U S 4 , H is hypomatchable and has 
no {P 2 , Pgj-factor. 

Now we define crush sets of graphs belonging to (J 0<i<4 Si- For H G So, a set 
X C V(H) is a crush set of H if x G X and \X fl V(C)\ = 1 for each C G G(H — x ), 
where x is the unique cutvertex of H. Let H e Si, and write H = s 2 , s 3 ). 

We may assume that min{si, S 2 , s 3 } = s 3 . If H e S^ U Si 2 \ a crush set of H is 
a set A C V(G) such that X fl V(Q) = {ui,u 2 }, X fl (Ui<j< S3 ^(F 3 j)) = 0 and 
|A D V(L i} j)\ = 1 for each i e {1, 2} and each 1 < j < Si (note that if s 3 = 0 and s 3 
or S 2 is zero, then this definition is consistent with the definition of a crush set for a 
graph in So)- If H G Si 3 \ a crush set of H is a set A C V(G) such that V(Q) C A 
and |A' fl V{L it j)\ = 1 for each i G {1,2,3} and each 1 < j < s*. For H G S 2 , a 
set A C V(H) is a crush set of H if A fl V(Q) = {ui,u 3 } and \X fl V{L it j) \ = 1 
for each i G {1, 2, 3} and each 1 < j < s^. For H G S 3 , a set A C V(H) is a crush 
set of H if A fl V(Q) = {wi,u 3 }, A fl V(L 2 , 1 ) = 0 and \X fl V(L\j)\ = 1 for each 
1 < j < si. For H G S 4 , a set A C V (H) is a crush set of H if A fl V (Q) = {u 1 , u 3 }, 
AnF(L 2)1 ) = {^ 3 , 1 }, AnV(I 2 , 2 ) = {^ 3 , 2 } and |Afild(L lj -)| = 1 for each 1 < j < Si. 
By inspection, we get the following lemma, which will be used in Section 0 

Lemma 4.6 Let H G Uo<i<3 Si, a nd let X be a crush set of H. Then the following 
hold. 

(i) If He So, then Cl {H - X) = Cl (H - X) + c 3 (H - X) + lc 5 (H - X) = |A| - 1 
and |A| > 4. 

(ii) If He SS 1} US 2 U S 3 US 4 , thenc 1 (H-X)+c 3 (H-X) + lc s (H-X) = |A| — 1 
and | A| > 4. 

(hi) If H e Si 2) , then Cl (H - A) +c 3 (H- A) + \c*>(H - A) = |A| — | and |A| > 6. 
(iv) If H e Sf } , thenc 1 (H-X) + c 3 ( y H-X) + lc 5 ( y H-X) = |A| —3 and |A| > 12. 
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4.3 Hypomatchable graphs having no {P 2 , P 7 }-factor 

In this subsection, we prove the following proposition, Proposition 14.71 which char¬ 
acterizes hypomatchable graphs with no {P 2 ,-FV}-factor. The proposition can be 
derived as a corollary of Proposition 14.81 which will be proved in Subsection 14.41 but 
we here give a proof which does not depend on Proposition 14.81 because the proof is 
not too long. 

Proposition 4.7 Let G be a hypomatchable graph of order at least 7 having no 
{P 2l P7}- factor. Then G G So- 

Proof. By Lemma P G has an ear decomposition TC = (Hi, ..., H rn ). Choose TC 
so that (HI) holds. We use the notation introduced in Subsection 14.11 

By Lemma [4731 {1} is not a 7-large set. Hence |P(Pi)| < 5. Since \V(H)\ > 7 
by assumption, this implies m > 2. By the definition of an ear decomposition, 
Hi U P 2 contains a spanning path. Since {1, 2} is not 7-large by Lemma 14.31 we get 
|P(Pi)| + |H(Ph(2))| < 5. Hence |H(Pi)| = 3. We also have m > 3. 

By Lemma 14.51 each Hi (1 < i < m) is a cycle of order 3, and G — Hi U • • • U H rn . 
Since \V(H)\ > 7 by assumption, it suffices to show that G 6 So- We actually prove 
that for each i (2 < i < m), we have PiU- • -UP* e So? he., PiU- • -UP,; ~ I\i+il\ 2 . 
We proceed by induction on i. We clearly have Pi UP 2 — Ad + 2 K 2 . Thus let 1 > 3. 
and assume that PiU- • -UPj_i ~ Ki + (i — 1)K 2 . Write P(Pi)D- • -nl7(Pj_i) = {«}. 
Suppose that V(Hf) fl (V(H\) U ••• U H(P,;_ 1 )) 7 ^ {«}. In view of Lemma [4721 
by relabeling P 1; ..., Pj_i if necessary, we may assume that H(Pj) fl V(Hi) ^ 0. 
Then P 2 U Pi U P* contains a spanning path, and hence {l,2,z} is 7-large, which 
contradicts Lemma 14.31 Thus V(Hf) fl (V(Hi) U • • • U H(Pj_ 1 )) = {u}, and hence 
Pi U • • • U Pi_i U Hi ~ K\ + iK 2 , as desired. □ 

4.4 Hypomatchable graphs having no {P 2 , Pg}-factor 

Proposition 4.8 Let G be a hypomatchable graph of order at least 9 having no 
(P 2 , Pg}- factor. Then G e Si U S2 U S3 U 84- 

Proof. By Lemma O G has an ear decomposition TC = (Hi,... ,P m ). Choose TC 
so that (HI) holds. 

Bv Lemma 14.3[ {1} is not a 9-large set. Hence |H(Pi)| < 7. Since |H(G)| > 9, this 
implies m >2. By the definition of an ear decomposition, PiUP 2 contains a spanning 
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path. Since {1,2} is not 9-large by Lemma 14.31 we get \V(Hi)\ + \V(Pn(2))\ < 7. 

Hence | V(Hi)\ = 3 or 5. We also have m > 3. 

Case 1: \V(Hi)\ = 3. 

By Lemma 14751. each Hi (1 < i < 3) is a cycle of order 3, and G — Hi U • • • U H rn . 

We show that G G Si- We actually prove that for each i (2 < i < m), we have 
Hi U- • -U Hi e Si, i.e., HiU- ■ -U Hi ~ Ai(si, s 2 , s 3 ) for some s 2 , s 3 with si+s 2 +s 3 = 

1 — 1. We proceed by induction on i. Note that Hi UH 2 ~ Ai(l, 0, 0). Thus let i > 3, 

and assume that HiU- ■ -UH^i ~ s' 2 ■ S 3 ) with + s ' 2 + S 3 = i — 2. If only one of 

s}, s' 2 and S 3 is nonzero, i.e., HiU- ■ -U17j_i — Ai(i — 2 , 0 , 0 ), then Hi U- • -UH^iUHi ~ 

Ai{i — 1, 0, 0) or v4 x (i — 2 , 1 , 0). Thus we may assume that at least two of s), s ' 2 and S 3 
are nonzero. In view of Lemma [4.21 by relabeling Hi,, Hi- 1 if necessary, we may 
assume that Hi intersects with all of H 2 ,..., Hi- 1. Write H 1 = wiw 2 w 3 w\. We may 
assume that s' h = \{j \ 2 < j < i — 1, V(Hj) D V(Hi) = {^}}| for each h = 1, 2, 3. 
Suppose that there exists j (2 < j < i — 1 ) such that V(Hi) fl V(Pji(j)) ^ 0. Since 
at least two of s',, s 2 , S 3 are nonzero, there exists j' (2 < j' < i — 1 ) with j' 7 ^ j 
such that V{Hji) fl V(Hi) 7 ^ V(Hj) fl V(Hi). Then Hy U Hi U Hj U Hi contains 
a spanning path, and hence is 9-large, which contradicts Lemma 14.31 

Consequently V(Hi ) D V(Px(j)) = 0 for every j (2 < j < i — 1 ), which implies 
H(^ 1 )n(U 1 < i < i _ 1 H(^)) = V(Hi)nV(Hi). We may assume V(Hi)DV(Hi) = {wi}. 

Thus Hi U • • • U Hi -1 U Hi ~ A\(s\ + 1, s 2 , S3), as desired. 

Case 2: \V(Hi)\ = 5. 

We hrst prove two claims. 

Claim 4.1 For each i (2 <i<m), \V(P^(i))\ = 2 and lV G (H(P M (i)))n(|J 2 <^_ 1 V(P K (j))) 

0 . 

Proof. We proceed by induction on i. Let i > 2, and assume that for each i' with 

2 < i' < i-l, we have \V(P^(i'))\ = 2 and iV G (y(P M (i , )))n(U 2 < i < i ,_ 1 V(P K (j))) = 0 
(this includes the case where i = 2). It follows from (E4) that for each i' (2 < i' < 
i — 1) and for each v e V(Pn(i')), Hi U H t i contains a spanning path having v 
as one of its endvertices. Let U be the set of the endvertices of P^(i). Suppose 

that N a (U) n (U 2s <i-i V(P x (j))) + 0. and take v 6 N G (U) n V(P X {j)))- 

Let i! denote the index such that v G V(Pm(i')). Then since Hi U H^ contains 
a spanning path having endvertex v, G[V(H i) U V(Pn(i')) U V(Pj{(i))\ contains a 
spanning path. Since \V(Hi) \ + \V(P-k(i'))\ + |H(P w (i))| = 7+ \V(Pn(i))\ > 9, this 
contradicts Lemma HOI Thus l\ r G(f7)n(lJ 2<:;<i _ 1 V (P%(j))) = 0. It now follows from 
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(E4) that Hi U Hi contains a spanning path. Hence by Lemma 14.31 \V(Pji(i))\ < 

7 — |V(iii)| = 2. This implies U = V(Pn(i)), and thus the claim is proved. □ 

Claim 4.2 If N G (\J 2<i<m V(Pin(i))) fl V(H i) contains two vertices w,w' which are 
consecutive on Hi, then \N G (w)n(\J 2 ^ m C(P M (i)))| = |AT G («; , )n(U 2 <.< m V(P^(i))) \ = 

1 and N g (w ) n (U2<i<m^(^(0)) = W n (U 2 <i< m V(Mi)))- 

Proof. Suppose that |AT G («;)n(U 2 <;< m ^(P M (i)))| > 2 or |-/V G (i//)n(U 2 <t<m ^(P;k(l)))I > 

2 or N g (w ) n (U 2<i<m V ( p K{i))) + N g (w') n (U 2<i<m V ( P ^( i )))- Then we can 

take v G N G (w) n (U2<i<m H^))) and v' G IV G (u/) n (U 2 <i<m so that 

v v'. Let z and i' be the indices such that v G V(P<k(i)) and v' G H(Pjc(z')). 

By Claim 14.11 |H(Pjc(i))| = |H(Pjc(z / ))| = 2. Hence by Lemma 14741 i i '. Note 
that G[V(Hi) U V(P'x(i)) U V(Pj{(i'))] contains a spanning path. Since \V(Hi)\ + 
\V(Pn(i))\ + |H(Ph(z'))| = 9, this contradicts Lemma 14751 □ 

We return to the proof of Proposition 14.81 Write Hi = wiw 2 w 3 w 4 w 3 wi. We 
first consider the case where N G (\J 1 <i<m V(P^(i))) D V(Hi) contains two vertices 
w,w' which are consecutive on Hi. We may assume w = w 3 and w' = u> 4 . By 
Claim [4]2l there exists b G Ui<i< m v (TfcW) such that A r G(w3)n(Ui< i < m V (Px(i))) = 
At G (tc 4 )n([J 1< . <m V (P^(i))) = {b}- Note that Claim [47T1 in particular implies that for 
any permutation i 2 ,..., i m of 2,..., m, (Hi, H i2 ,..., H irn ) is an ear decomposition. 

Thus we may assume b G V(P'k(2)). Write Ph( 2) = bb'. By Claim 14.21 and (E4), 
N G (b') fl V(Hi) = {rci}, {w 3 ,io 4 } Q N G (b) n V(Hi) C {wi,w 3 ,w 4 }, and N G (v) n 
V(Hi) = {wq} for all v G U3 <i< m V (Px(i)) ■ Consequently A'Jjm - 2) C G. By 
Lemma 14.31 {1,2,3} is not 9-large. Hence G[V(Hi) U V(P^( 2))] does not contain 
a spanning path with endvertex w\. This implies w 2 W 4 ,w 2 W 5 ,w 3 w 3 qL E(G ), and 
hence it follows from Claim [4711 that G C A"(m — 2). Therefore G G S 4 . 

We now consider the case where iV G ([J 2 <i<m V(P^i))) fl V(Hi) does not con¬ 
tain two consecutive vertices. In this case, \N G ((J 2<i<m V (Pj{(i))) fl V(Hi)\ < 2. 

We may assume N G ((j 2 ^ m V(Pu(i))) fl V(Hi) C {wi,w 3 }. Let s h = |{z | 2 < 
i < m, N G (V(Pj{(i))) D V(Hi) = {u^}}! for h — 1,3, and s 2 = \{i \ 2 < i < 
m, N G (V(P%(i))) fl V(Hi) = {uq, iu 3 }}|. Since m > 3, s 4 + s 2 + s 3 > 2. If s 2 = 0 and 
s 4 or s 3 (say s 3 ) is zero, then it follows from Claim 14.11 that Hg(si) CGC H^si), 
and hence G G S 3 . Thus we may assume that we have s 2 7 ^ 0, or s 4 7 ^ 0 and s 3 7 ^ 0. 

Since s 4 + s 2 + s 3 > 2, it follows from Lemma 14.31 that G[V(Hi)\ does not contain 
a spanning path connecting uq and w 3 . Hence w 2 w 4 ,w 2 w 5 E(G ), which together 
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with Claim PO implies that A! 2 {s\,S 2 + l,s 3 ) C G C A! 2 {s\,S 2 + l,Ss). Therefore 
G G S2- 

This completes the proof of Proposition 14.81 □ 

4.5 Alternating paths 

In this appendant subsection, we prove two lemmas about hypomatchable graphs, 
which we use in the proof of Theorem 11.21 Throughout this subsection, we let G 
denote a hypomatchable graph, let v £ V(G), and let M be a perfect matching of 
G — v. A path v±V 2 ■■ - Vi with v\ = v is called an alternating path if v 2l v 2 i+\ £ M for 
each i with 1 < i < ’-A-. 

Lemma 4.9 For each w G V{G ). G contains an alternating path Q of odd order 
connecting v and w such that M — E(Q) is a perfect matching of G — V(Q). 

Proof. If w = v, then it suffices simply to let Q = v. Thus we may assume w 7 ^ v. 
Let M' be a perfect matching of G — w, and let H denote the subgraph induced by 
the symmetric difference of M and M'. Then dn(v) = duiw) = 1, and d h(x) = 2 
for all x G V(H) — {v,w}. This implies that the component Q of H containing v is 
an alternating path connecting v and w. Since the edge of Q incident with v does 
not belong to M and the edge of Q incident with w belongs to M, Q has odd order, 
and M — E(Q ) is a perfect matching of G — V(Q). □ 

Lemma 4.10 Suppose that V(G) > 5 and, in the case where G is isomorphic to 
Ii\ + sli '2 for some s > 2, suppose further that v is not the unique cutvertex of G. 
Then G contains an alternating path Q of odd order having v as one of its endvertices 
such that |C(Q)| > 5 and M — E{Q) is a perfect matching of G — V(Q). 

Proof. If vu G E(G) for all u G V(G) — {n}, then the assumption of the lemma 
implies that G contains an edge xy joining endvertices of two distinct edges xx', yy' in 
M, and hence vx'xyy' is a path with the desired properties. Thus we may assume that 
there exists u G V(G) — {u} such that vu (f E(G). Let uw G M. By Lemma 14.91 G 
contains an alternating path Q of odd order connecting v and w such that M — E(Q) 
is a perfect matching of G — V ( Q ). Since Q is an alternating path of odd order and 
vu ^ E(G), we get |V((3)| > 5, as desired. □ 
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5 Proof of main theorems 


For a graph H, we let Q 0 dd(H) denote the set of those components of H having odd 
order, and set c 0 dd{H ) = |C 0 dd(-S)|- 

Recall that Tutte’s 1-factor theorem says that if a graph G of even order has no 
perfect matching, then there exists S C V(G) such that c 0 dd(G — S) > |S| + 2. In 
this section, we often choose a set S of vertices of a given graph G so that 

(51) c 0 dd (G — S) — | S'| is as large as possible, and 

(52) subject to (SI), |S| is as large as possible. 

Note that c 0 dd(G — S) — (S'! > c 0 dd(G) — |0| > 0 (it is possible that S = 0, but our 
argument in this section works even if S — 0). 

We first give a fundamental lemma. 

Lemma 5.1 Let G be a graph, and let S be a subset ofV(G ) satisfying (SI) and 
(S2). Then the following hold. 

(i) We have G(G - S) = e odd (G - S). 

(ii) For each C G C 0 dd(G < — S), C is hypomatchable. 

(iii) Let H be the bipartite graph H with bipartition (S', C 0 dd(G < — S')) defined by 
letting uC G E(H) (u G S,C G C 0 dd(G < — S)) if and only if Nq(u) fl V{C) ^ 0. 
Then for every X C S, \N H (X) > X|. 

Proof. 

(i) Suppose that there exists C G G(G — S ) such that |R(C)| is even, and take 
v G V(C). Then c 0 dd(C —^) > 1. Let Si = SU{u}. Then c 0 dd(G r_ Si) — |Si| = 
(c 0d d(G'-S) + c 0 dd(C'-u))-(|S| + l) >c od d(G-S)-|S| and | Si | > |S|, which 
contradicts (SI) or (S2). 

(ii) Suppose that C is not hypomatchable. Then there exists v G V (C) such that 
C — v has no perfect matching. Applying Tutte’s 1-factor theorem to C — v, we 
see that there exists S" C V(C) with v G S" such that c Q dd(C — S") > |S"| + 1. 
Let S 2 = SU S". Then - S 2 ) - |S 2 | = (c odd (G - S) -1 + c odd {C- S")) - 
(|S| + |S"|) > c 0 dd(G < — S) — \S\ and |S 2 | = |S| + |S"| > \S\, which contradicts 
(SI) or (S2). 
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(iii) Suppose that there exists ICS such that \N H (X)\ < |X|. Set S 3 = S — X. 
Then every component in G odd (G — S) — N H (X) belongs to C 0 dd(G ,_ S3). Hence 

c 0 dd(G - S 3 ) - |S3 1 > (c odd (G - S) - \N h (X)\) - IS3I 
>c odd (G-S)-\X\-\S 3 \ 

= c odd (G - S) - \S\, 


which contradicts (SI). □ 

5.1 Proof of Theorem 11.11 

For a graph H, we let G'{H) denote the set of those components C G Q odd (H) such 
that \V(C)\ > 3 and C is a hypomatchable graph having no {P 2 , Pfj-factor, and set 
d(H) = \G'(H)\. 

We first give a sufficient condition for the existence of a {P 2 , P^-factor in terms 
of ci and d. 

Theorem 5.2 Let G be a graph. If c\(G — X) + |c' (G — X) < |A"| for all X C V(G), 
then G has a {P 2 , Pj}-factor. 

Proof. Choose S C V(G) so that (SI) and (S2) hold. 

Set T = e odd (G - S) (= e(G - 5)), Ti = G^G - S ) and T 2 = G\G - S ). Then 
Ti fl T 2 = 0 and Ti U T 2 C T. We construct a bipartite graph H with bipartition 
(S, T) by letting uC e E(H) (u G S, C E T) if and only if N G (u ) fl V(C) 7 ^ 0. 

Claim 5.1 For every Y C T) U T 2 , \N H (Y')\ > \Y fl Ti| + \\Y fl T 2 \. 

Proof. Suppose that there exists Y C TiUT 2 such that |A r ^(T)| < | Y DTi| + ||Tfl 
T 2 1. Set X' = Nh(Y). Then each element of Y fl T\ belongs to G 3 (G — X'), and 
each element of Y fl T 2 belongs to G'(G — X’). Hence \Y fl Ti| < ci{G — X') and 
\Y n T 2 \ < d(G - X'). Consequently \X'\ = \N H (Y)\ < \Y n Ti| + \\Y n T 2 | < 
Ci(Gr — X') + \c'(G — X'), which contradicts the assumption of the theorem. □ 

Now we apply Proposition 13.11 with G and L replaced by H and 0, respectively. 
Then by Lemma IffiTT iii) and Claim l5Hl H has a subgraph F with V(F) D SUTiUT 2 
such that each A G G(F) is a path satisfying one of (I) and (II) in Proposition 13.11 
For A G G(F), let U A = V{A) n S and L A = V{A) n T, and let G A = G[U A U 
(Uc e ,^(C))]. 
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Claim 5.2 For each A G C (F), Ga has a {P 2 , P 7 }- factor. 

Proof. We first assume that A satisfies (I). Then \Ua\ = |£a| = 1- Write Ua = 
{«} and La = {P}, and let v G V(D) be a vertex with uv G E{G). Since D is 
hypomatchable by Lemma [HTTT ii). D — v has a perfect matching M. Hence MU{uv} 
is a perfect matching of Ga- In particular, G.\ has a {P 2 , P 7 }-factor. 

Next we assume that A satisfies (II). Note that |H(H)| is odd and |H(H)| > 3. 
Write A = DiUiD 2 u 2 ■ ■ ■ A«zA+i {+ G Ha, A G La)- Let G N G (ui ) fl V(Df) for 
1 < i < l, and let vi +1 G N g (ui) DV(A+i)- Since A satisfies (II), \V(Di) — {ui}| > 2 , 
\V(D l+1 ) — {u; + i}| > 2 and V(Df) = {v,} (2 < i < l). Fix i E {1,1 + 1}. Since D, 
is hypomatchable by the definition of T 2 , A — v i l ias a perfect matching Mj. Since 
\V(Di)\ > 3, Vi is adjacent to a vertex u' t G V(Df). Let v[ G V(A) be the vertex with 
ufo'j G Mj. Then P = v^u^viuiv-zu-z ■ ■ ■ viuivi + iu' l+l v' l+l is a path of order at least 7. 
Since Mj — {u'u'} is a matching for each i G {1, l + 1}, Pa = P U (Mi — {ujuj}) U 
(Mj +1 — {uj + 1 u[ +1 }) is a path-factor of Ga with C 3 (Pa) = Cs(Pa) = 0- By Fact 11.11 
Ga has a {P 2 , Pj-j-factor. □ 

By Lemma m~f i) (ii). each component in C(G — S) — G\(G — S) — C'(G — S) has a 
{P 2 , P 7 }-factor. This together with Claim [5721 implies that G has a {P 2 , Pyj-factor. 
This completes the proof of Theorem 15.21 □ 

Proof of Theorew M.A Let G be as in Theorem ll.il Suppose that G has no {P 2 , P 7 }- 
factor. Then by Theorem 15.21 there exists X C V (G) such that ci(G — X) + \d{G — 
X) > \X\. Write e'(G - X) - (C 3 (G - X) U C 5 (G - X)) = {D u ..., D q }. For 
each i (1 < % < q), since A is a hypomatchable graph of order at least 7 with no 
{P 2 , P 7 }-factor, it follows from Proposition 14.71 that A £ So- For each i (1 < i < q), 
let Xj be a crush set of Pj. By Lemma 14.6[ ci(Pj — Xf) = \Xf\ — 1 and \Xf\ > 4, and 
hence c 3 (A - Xf) > ||Xj|. Let X 0 = X U (Ui<i< g A)- 

Then Cl (G - X 0 ) = Cl (G - X) + £^ c, (A ■- A) > G (G - X) + f £^ | X, j. 
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Consequently 


ci(G - X 0 ) - | Cl (G - A') - L - | |X ( | 

1<2<^ 

> c,(G - X) + j X] |*| - |c,(G - X) ~ i, - | £ 1*1 

l<i<g 

= k(G-X)+ £ (|l*il“5-|l*l) 

l<i <5 ' 7 

.i Cl(G -X) +E (iw-i) 

1<2<5 v 7 

> 0 , 


and hence 


This leads to 


~ c i(G — X) + -q + - ^ \Xt\ < ci(G — X 0 ). 


l<i<g 


|l*ol = |(|X| + E 1*1) 

6 V l<*<g / 

< l ^d(G -X) + ic'(G - X) + £ w] 


l<j<g 

= | Cl (G - X) + i|e'(G - X) n e 3 (G - x)| + ||e'(G - x) n e 3 (G - x)\ 
+ he'(G - x) - (e 3 (G - x) u e„(G - *))| +1 E 1*1 

° l<i<5 

<| Cl (G-X) + ic 3 (G-X) + ic 5 (G-X) + ig+j £ |X,| 

1<£<# 

[ c l(^ — + ^ C 3(^ — *o) + (G — JY 0 ) + —^ ^ |-Yj| 

1<*<9 


3 

2 

3' 


< C\{G — Xo) + -C3(G — Xq) + -C5(G — xYo), 

which contradicts the assumption of the theorem. 
This completes the proof of Theorem 11.11 □ 


5.2 Proof of Theorem 11.2 

Let H be a graph. We let C *(H) denote the set of those components C e C 0 dd (H) 
such that C is a hypomatchable graph having no { I\■ Pg}-factor, and let G* <5 (H) = 
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{C G G*(H) I \V(C)\ < 5}, e% 7 (H) = {C e G*(H) | \V(C)\ > 7} and e> 7 (H) = 
{Ce G> 7 (H) | C is isomorphic to Ki + sK 2 for some s > 3}. 

Proof of Theorem \TJ^ Let G be as in Theorem 11.21 Choose S C V(G) so that (SI) 
and (S2) hold. 

Set T = G odd (G-S ) (= G(G-S)), T± = Gf 5 (G-S) and P 2 = G*> 7 (G-S). Then 
T\ fl T 2 = 0 and T) U T 2 C T. Now we construct a bipartite graph H with bipartition 
(S,T) by letting uC G E(H) (u G S, C G T) if and only if N G (u ) fl V(C) 0. Let 
L be the set of those edges uC G E{H) such that u G S, C G G** 7 (G — S ) and 
N g (u) fl V[C) consists only of the unique cutvertex of C. 

Claim 5.3 For every LCTiU T 2 , \N H _ L (Y)\ > \Y fl Tf\ + ||Y D T 2 |. 

Proof. Suppose that there exists Y C T x U T 2 such that \N H _ L (Y)\ < \Y fl Ti| + 
||Y fl T 2 |. Set X' = Nh-l{Y)- We divide Y fl T 2 into two disjoint sets. Let Z\ be 
the set of those elements C of Y flT 2 such that |V(C)| = 7 and C qL G*ff 7 {G — S), and 
let Z 2 = (Y (1 T 2 ) — Z\. Note that Z 2 is the set of those elements C of Y fl T 2 such 
that C is either isomorphic to K\ + 3 K 2 or a hypomatchable graph of order at least 
9 with no {P 2 , Pgj-factor. Hence by the definition of So and Proposition 14.81 each 
element of Z 2 belongs to So U Si U S 2 U S 3 U Su Write Z 2 = {Pi,..., D q }. Let X i: be 
a crush set of D t for each 1 < i < q, and set X 0 = X' U (Ui<j<«j W)- Let 1 < i < q. 
We show that Uo<i <2 C 2 j+i(Pj - Xf) C (Jo<i <2 ^ 2 j+i(G - X 0 ). This clearly holds if 
Di is a component of G — X'. Thus we may assume that Di is not a component of 
G — X'. By the definition of L, this means that Di G G >* 7 (G — S) and the unique 
cutvertex of D t is the only vertex of D, that is adjacent to vertices in S — X'. On 
the other hand, the unique cutvertex of P,; is contained in X* by the definition of a 
crush set. Hence Uo<j <2 C 2 j+i(Pj - Xf) C Uo<j <2 ^ 2 3 +\{G - X 0 ). 

Since % is arbitrary, we see that c 2 j+i(G—X 0 ) = c 2 j+i(G — X') + ^f 1<i<q c 2 j + \(Di — 
Xf) for each 0 < j < 2. By Lemma ES c, ( D % -Xf+ c 3 (P, : -X,) +1c 5 ( D,-X t ) > ||Xj| 
and |Xj| > 4 for every 1 < i < q. Consequently 

ci(G — Xq) + c d (G — Xo) + — 05(0 — Xo) 

> Ci {G — X') + c 3 (G — X') + -C5 (G — X') + - |Xj|. 

l<i<g 
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Hence 


d(G - Xo) + c 3 (G - X„) + |c 5 (G - X„) ~lYl %+>( G - X ')-b-lT, IVI 


0<j<2 


l<i<g 


>c t (G- X') + c 3 (G - X ') + |c 5 (G - X') + | £ l X *l 


0<j<2 


3 

3 c 2j+i( G _ ^0 _ g<7 - g 21 1^*1 


l<j<g 




—-ci(G - X 0 ) +-c 3 (G — X 0 ) + 21 


l<2<g 




— 2 C i(G — V>) 3 C3 ^ G — V>) 


E ( 4l^l - 5 


l<z<g 


> 0 , 


which implies 

2 
3 


C 2 j+i(G < — X') + -g + - 21 |Xj| < ci(G — X 0 ) + c 3 (G — X 0 ) +-c 5 (G — X 0 ). 

0<i<2 ° 1 <i<q 

Recall the definition of X', Z\ and X 0 . Since each element of Y D T) belongs to 
C< 5 (G —X'), we have | Y fl T x < |C< 5 ((j — X')| < ^ 0 <j <2 c 2 j+i{G — X'). Since each 
element of Z\ belongs to 67 (G — X 0 ), we have |Zi| < c 7 (G — X 0 ). Therefore 

fi^oi = | 1 vij 

= |^»-i(y)i+ E wj 

\YnT 1 \ + 1 -\YnT 2 \+ Y. IVI 

l<i<q / 

E - | 21 c 2 j+i(G - X') + -(|Zi| + \Z 2 \) + 21 |Xj | 

\ 0 <j <2 1 <i<q J 

— p( 21 ~ X') + -(c 7 (G - Xo) + q) + 21 1^*1 ) 

\0<j<2 1 <i<q J 

< c±(G — Xo) + c 3 (G — Xo) + — C 5 ((X — Xo) + —c 7 (G — Xo), 
which contradicts the assumption of the theorem. □ 


< 


Now we apply Proposition 13.11 with G replaced by H. Then by Lemma 15. If inf 
and Claim 15.31 H has a subgraph F with V(F) D 5 U R U T 2 such that each 
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A £ G(F ) is a path satisfying one of (I) and (II) in Proposition 13.11 For A £ G(F), 
let U A = V(A) n S and L A = V(A) D T, and let G A = G[U A U (Ucg£ 4 V i C ))\- 

Claim 5.4 For each A £ G(F), G A has a {P 2l Pg}-factor. 

Proof. We first assume that A satisfies (I). Then \U A \ = |£a| = 1- Write U A = 
{«} and L A = {D}, and let v £ V(D) be a vertex with uv £ E{G). Since D is 
hypomatchable by Lemma HTTlf n). D — v has a perfect matching M. Hence MU{uv} 
is a perfect matching of G A . In particular, G A has a { P 2 - A}-factor. 

Next we assume that A satisfies (II). Note that |I/(H)| is odd and |H(H)| > 3. 
Write A = DiU\D 2 u 2 ■ ■ ■ D[Ui A+i (tq £ U A ,Di £ L A ). For 1 < i < l, let ty £ 
Na(ui ) D V{Df) and w i+ 1 £ N G (ui ) fl V{D i+1 ). Since U\Di and uiD t+1 are edges of 
H — L, we may assume that V\ is not the unique cutvertex of D\ if D\ ~ K± + sK 2 
for some s > 3, and Wi + 1 is not the unique cutvertex of Di +1 if Di + 1 ~ K\ + s'K 2 
for some s' > 3. Since D x and D i+ i are hypomatchable graphs of order at least 7 
by the definition of T 2 , it follows from Lemma [4. 101 that Di contains a path Q i with 
endvertex v\ such that \V(Qi)\ > 5 and D\ — V(Qi) has a perfect matching Mi, 
and A+i contains a path Qi+i with endvertex wi +1 such that \V(Qi + i)\ > 5 and 
A+i — V(Qi+i) l ias a perfect matching M i+1 . We regard v\ as the terminal vertex 
of Q i, and wi + \ as the initial vertex of Qi+i- For each i (2 < i < l), since D t is 
hypomatchable by the definition of Ti, it follows from Lemma [4791 that A contains a 
path Qi connecting uy to Vi such that A — V{Qi ) has a perfect matching Mi. Hence 
P = QiUiQ 2 u 2 ■ ■ ■ QiUiQi + i is a path of G A having order at least 11. Consequently 
F a = P U (Ui<i<i +1 is a path-factor of G A with G 3 (F A ) = G 5 (F A ) = G 7 (F A ) = 0 
(and G 9 (F a ) = 0). By Fact 11.11 G A has a {P 2l P 9 }-factor. □ 

By Lemma l57Tl( i) (ii). each component in G(G — S) — Gf 5 (G — S) — Gf 7 (G — S) has 
a {P 2 , A}-factor. This together with Claim [5741 implies that G has a { P 2 , P 9 }-factor. 
This completes the proof of Theorem 11.21 □ 

6 Sharpness of Theorems 11.11 and 

We first consider the coefficient of |W| in Theorem 11.21 Let n > 1 be an integer. Let 
Ro be a complete graph of order n. For each i (1 < i < 2n + 1), let A be a graph 
isomorphic to K\ + (K 4 U 2 K 2 ). Let H n = R 0 + (Ui<i< 2 r t +i ( see Figure 0J). 


1.2 
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For 1 < i < 2n + 1, since |H(.Ri)| = 9 and Ri does not contain a path of order 
9, Ri has no { If. Pg}-factor. Suppose that H n has a {If. /g (-factor F. Then for 
each i (1 < * < 2n + 1), F contains an edge joining V(Ri ) and V(R 0 ). Since 
2n + 1 > 2\V(R 0 )\, this implies that there exists x 6 V(Rq) such that (If(x) > 3, 
which is a contradiction. Thus H n has no {P 2 , Pg}-factor. 

Lemma 6.1 For all X C V(H n ), ° 2 j+\- X) < f|X| + 

Proof. Let X C V(H n ). 

Claim 6.1 For each i (1 < i < 2n + 1), Y2o<j<3 c 2 j+i(Ri ~ X) < || V(Ri) fl X\ + 

Proof. Let u be the unique cutvertex of Ri. 

We first assume that u (jL X. Then Ri — X is connected. Clearly we may assume 
that Xaj<j <3 c 2 j+i {R-i ~ X ) = 1. Then | V{Rf) fl X\ > 2 because |V(i?i)| = 9. Hence 
Eo<,< 3 % + i(^ — X) — 1 < | • 2 + | < 11 V(Ri) n X\ + Thus we may assume 
that u G X. 

Let a be the number of components of Ri—u intersecting with A". Since a < 3, we 
have a < |(a+l) + |. Furthermore, Eo<j <3 c 2j+i(Ri~X) = Ci(Ri—X)+c 3 (Ri—X) < 
a and | V(Ri) Pi X\ = |{u}| + |(H(/?i) — {«}) fl X\ > a + 1. Consequently we get 

Eo -x)< || V(R,) n x\ + i. □ 

Assume for the moment that V(Ro) $2 X. Then H n — X is connected. Clearly we 
may assume that Eo<j< 3 c 2 j+i(H n — X) = 1. Then |A| > 2 because \V(H n )\ > 9. 
Hence X^o<j< 3 c 2 j+i {H n — X) = 1 < | • 2 + | < ||A| + |. Thus we may assume that 
C(i?o) C X. Then clearly 

\e 2j+ i(H n -X)\= \G 2 j+ i(Ri - x)\. (6.1) 

l<i<2n+l 
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By Claim 16.11 and (16.ip , 


y i c 2j+i(H n 

0<j<3 


x)= E E c w (R,-x) 

0<j<3 \l<i<2n+l 

< E (§|VWnA-| + i) 

l<j<2n+l ' ' 

= l(|A|-|l/(fl 0 )|) + l(2n+l) 
= |(|A|-n ) + i (2 n+ 1) 


Thus we get the desired conclusion. □ 


From Lemma 16.11 we get the following proposition, which implies that the coef¬ 
ficient of |X| in Theorem 11.21 is best possible in the sense that it cannot be replaced 
by any number greater than 4. 


Proposition 6.2 There exist infinitely many graphs G having no {Pg, Pg}-factor 
such that J2o<i<3 c 2 i+i(C — X) < ||Aj + | for all X C V(G). 

We now briefly discuss the sharpness of other coefficients. Let n > 8 , and let Rg be 
a complete graph of order n. For each i (1 < i < n+ 1), let Ri be a graph isomorphic 
to Ki + 2/\ 2 , and let Ui be the unique cutvertex of R t . Let H be the graph obtained 
from Rg U (Ui<i< n +i joining iq to all vertices in R 0 for each i (1 < i < n + 1). 

Thenc 1 (iL-l/(i?o)) + c 3 (i/-P( J Ro)) + |c 5 (Lr-P( J Ro)) + |c 7 (iL-l/(i?o)) = fc 5 (ff- 
V(R 0 )) = ||y(i2o)| + |, and Cl (H~X)+c 3 (H-X) + lc 5 (H-X) + lc 7 (H-X) < ||X| 
for all X C V(H) with X 7 ^ V(Rg), and H has no {P 21 Pg}-factor. This shows that 
the coefficient of Cs(G — X) in Theorem 1 1.21 is best possible in the sense that it cannot 
be replaced by any number less than |. Similarly graphs K n + (2 n + 1 )I\ 7 {n > 1) 
show that the coefficient of c 7 (G — X) in Theorem 11.21 is best possible in the sense 
that it cannot be replaced by any number less than |. 

As for Theorem 11.11 graphs K n + (2 n + l)(Aj + 3A" 2 ) (n > 1 ) show that the 
coefficient | of |A| is best possible, and graphs K n + (2 n + l)i ^3 and K n + (2 n + 
1)/C 5 ( n > 1) show that the coefficient | of c 3 (G — X) and c 5 (G — X) are best 
possible. 
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